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Abstract

In this paper, we introduce the parallel refinement of weakening idempotent
pair and conduct a quantitative matrix analysis for this refinement. Our analysis
shows that this refinement is more effective than the known one when one applies
weakening idempotent pairs to K-theory.
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1. Introduction

Recently, people are interested in weakening idempotent pair, especially its
application in K-theory [ 2]. Given self-adjoint Ay, A_ € M, (C) (or in the
more general setting of C*-algebra), we call (A, A_) an (e-)weakening idem-

potent pair if it holds that
I(Ae — AZ) (A4 — AD)] <&, (1)

for some small € > 0. However, it doesn’t necessarily hold that

0§A+7A7 Sl (2)
If ([2)) holds, by the formula
1-A A
Q= + ~lde) (where (t) = V/t — 2), (3)
K(A+) A_
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we obtain an almost projection @ that can be applied to investigate the K-
theory of C*-algebra [I] or topological space [2]. However, usually fails to
hold, hence we need to modify (A4, A_) so as to get a new pair (B4, B_) that
both satisfies 0 < By < 1 and preserves the K-theory information in (44, A_).
We call this process the refinement of weakening idempotent pair.

It is obvious that such refinement is not unique. For example, Ay € C(X, M,,,(C))
are defined in [2] from generalized pairs of cocycles {gfﬁ}aﬁe 1, which satisfy

that
I(Ap — A2)(Ar — AD)| <me, (Ao — A2)(Ar —A)| <me  (4)

and

[AL]f <m, [A-][ <m ()

where m = |I|. So, (A4, A_) is an (me-)weakening idempotent pair.

To refine A, let f be the function on R given by

0, ift<0;
fA)=9 ¢, ifo<t<i; ,
1, ift>1.

)

and set By = f(A4), then it is trivial that 0 < By < 1. It is proved in [2] that
I(B+ = BY)(By — B-)|| < 2C(m) Ve, (6)

where C(m) is a function of the form “2mIn16m+/2(m + 3)¥/m”. From the
functional calculus of f over A4 and the estimation @, we can see that By
coordinate with each other to remain the “idempotent-like” part of A4, hence
they preserve the K-theory information in A4.

The function C'(m) in the estimation inequality (@ is rather big and compli-
cated, partly because By are achieved separately by the functional calculus of
f so that By won’t coordinate with each other in (By — B%)(By — B_) as well
as Ay originally do in (Ax — A%)(A; — A_). Therefore, instead of applying

the functional calculus of f to A, and A_ each directly, this paper invents a



new refinement procedure, which step by step removes the non-idempotent part

from A, and A_ simultaneously and finally obtain 0 < C1 < 1 such that
I(Cx = C2)(Cs = C) | < 6m2/3e1/2, (7)

Obviously, the estimation (7)) is much better than (6]), both in the form of C(m)
and the exponential degree of . Since A, and A_ are handled simultaneously,
we call this method the parallel refinement of weakening idempotent pair. Quan-
titative matrix analysis details of this method are demonstrated in the following

section.

2. The parallel refinement of weakening idempotent pair (A4, A_)
Suppose that there are self-adjoint matrices Ay € M,,(C) such that
I(Ax = AD)(A+ — A )| <«

and

JAL <m, A <m.
Step 1. Assume that A_ < 0 and AL > 1 are solutions to the equation
A=A\ = —\/[e

Actually, when ¢ is sufficiently small, we have A_ &~ —/g and A\, &~ 14+/¢. Since
A, is self-adjoint, we can diagonalize it and suppose that it has the following

form

A = A 0 ’
0 Apy

where A4, consists of eigenvalues those are either smaller than A_ or bigger
than A4, while A, ., consists of other eigenvalues. Consequently, we have
My; O

M:A_;,_—Aa_: 5
0 My



where ||[M71]|| > v/e. Under the same base, set

N1y Nio
N1 N

N=A, —A_ =

From the fact that | MN|| < ¢ and ||Mi1]| > +/&, it implies that

[ N1 [l [[N12]]s [ Naa || < Ve, (8)

which means that A, ,;, Ay, AL, arecloseto A_;;, A_,,, A_,, respectively.
By setting the diagonal entries of A;; those who are smaller than A_ to be 0
and those who are bigger than A, to be 1, we obtain A’,. Because of , we

can set

0 0
0 Ny

N =
where Ny, = No. Then we define A” = A/, — N’, so we have

Al —AH (A - A = 00 00 = || My N-
(AL —AT)(Ay — AD)|| [[Maz2Nao|| < e.
0 M22 O N22

Next, we want to estimate ||(A_ — A)(A/ — AL)].
Lemma 1. [[(A_ — AZ)(A, — AL)| < (2+4m)e.

PROOF. Since

A — AR 0 0 0
(AL — AZ)(AL - AL) = - i )
0 A, — AL, 0 N,
B 0 0
0 (Al—zz 7A/—§2)Né2

we have [[(AL — AZ)(Al, = AL)| = (AL~ ALZ)Njo|| = [[(A_g5— A_3,)Naa].

So we need to estimate |[(A_,, — A_3,)Naa||. Since

(A-— A%)(Ay — A)

A*ll - A*%l - A712A721 A712 - A711A712 - A712A722 Ny
A*Ql - A721A711 - A722A721 A722 - Afgz - A721A712 Noy
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we have
||(A721 - A721A711 - A722A721)N12 + (A722 - A7§2 - A721A712)N22” <e.
Hence

[(A—g5 — A*%Q)NQQH
<I(A-gy = Ampi Ao gy — A_ppA ) N1z + (Aogy — A5y — Ay A1) Nao| |+
[(Agy = Agy Ay = A g A o)) Nia| 4[| A g Ay Naol|.

We know that [[A4|, [|[A=|| < m, so

[(A-gy = Agi Aoy = Ay Ay ) Nio
<A [+ 1Ay [[I[A= 11 |+ (A= oo [ A= oy [DI V12|
<(Ve+Vem +mye)Ve
=(1+2m)e

and

[A— g1 A 1o Naa| < Ao [[[|[ A= 15[[[[ N2l < veEVE2m = 2me.
We conclude that

[(A_yy — A_3))Naa|| < €+ (14 2m)e + 2me = (2 + 4m)e.
O
Step 2. Assume that

Ao

[
A+ 22 — 0 A+/2(222)

)

where A+/2(21 Y consists of diagonal entries those lie in the closed y/e-ball neigh-
borhood of 0 and 1. We know that, when ¢ is sufficiently small, A\_ ~ —y/¢ and
Ay ~ 1+ /g, thus we have

JALSY — (ALS? < e and VE < ||AL 2P — (A2 < 1/4,



Assume that

M = A, — A= 2 ]\;/ :
22
where
VR e O 0 |
0 Ay = (A7)
and that

/(11 /(12
Ny N

21 22
Ny Ngg

R
]VQQ -

It follows from || M},Nbo|| < & that [|NS2 |, [IN2ZV |, V22 || < /2. Suppose

that
(11) (12)
A = A 22 AL 22
22 (21) (22) |’
AL AL,

we now need to estimate the spectrum of ALgl;).
Lemma 2. Spec(A’_él;)) C [~3m!/3e1/3 3m1/3e1/3|U[1—3m1/3e1/3 143m1/3e1/3].

PROOF. Since ||[Njy (A", — A”2))|| < (2 +4m)e, ie.,

—22
/(11) (12) (11) (11)y2 (12) (21) (12) (11) 4, (12) (12) (22)
Ny Nas A/—22 7(A/—22 ) 7A/—22 A/—zz Al—zz 7A,—22 A/—22 7A/—22 A/—22
/(21) 1(22) (21) (21) (11) (22) 4/ (21) (22) (22) (21) (12)
Noys Nyj AL22 _AL22 ALQQ _ALQQ AL22 AL22 _(AL22 )2_AL22 AL22
<(244m)e,
we have

DN (4 O (qr Dy2 g 0247 1) a2 47 (D s (2D 4 () g C2) g7 21

—22 —22 —22 —22 —22 —22 —22

<(2+4m)e.
Hence

11 11 11
[N (ALY = ALS D))l

11 12 21 12 21 21 11 22 21
<2+ 4m)e + NIV ALED A CY ) NS (4 B Al BD 4 (D g 22) 4 21y

<(2+4m)e +2me + (1 4+ 2m)e = (3 + 8m)e.



Assume that there is certain point p € Spec(A’_22 ) that lies out of the
closed 3m!/3¢1/3-ball neighborhood of 0 and 1, and that e is a unit eigenvector

of A’_(2121) with respect to u. Then we have |u(1 — p)| > 9m?/3¢%/% and
|1 cos? @ + |1 — p|?sin? @ > 9m>/32/3 cos? o + 9Im2/3e2/3 sin? o = 9m?/32/3
for any ¢ € [0,27]. By ||N2/(211 (A’,él;) (A_ 11)) )|l < (34 8m)e, we have

11 11 11 s (11
1AL 8D —ar B0y 89 — 4 U9)2)e| < (3 + 8m)e,

., [1(A7 53 e = pe)lllp(1 = )| < (3+ 8m)e. Hence,

(3 + 8m) 51/3'

||(A/+22 - ue)H < 9m2/3

Since the eigenvalues of A’Jré; lie in the closed +/z-ball neighborhood of 0
and 1, we can decompose e as e = £ + 1, where £ L 7, such that HA+22 §|| <
VEIE] and AL 5P — nll < VEl[n]l. Therefore,

| = & + (1 —
=4, V¢ — e — AL UV 4 AL 00— — a2 U

(11 11 11
<4457 — pe) | + 1445 €l + Il — 45

From 3m!/3c1/3 < || — pé + (1 — p)n| < CEEM /3 4 9£1/2 we get

Om?2/3

(34 8m) 2 1

1
S T otm T 3mist

(m>1)

which is a contradiction when ¢ is sufficiently small. So we conclude that the

spectrum of A’ (1 ) lies in the closed 3m!/3¢1/3-ball neighborhood of 0 and 1.
25 D

Lemma |2 shows that A’ ;12 ) is close to a projection, which enables us to

; (11)

apply the functional calculus of f to AZ,".
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1 By Lemma [2| we have

(
22
A 0
IF(AL S = AL GV < Bm1/3e1/2, Set A7 UV = F(ALG), A7 = S

Step 3. Apply the functional calculus of f to A’

(11)
" _ / " _ AILQQ 0
where 14711 = /L11 and A722 =

(22)
0 AL

. By setting the diago-

nal entries of A7, Y

Yt 5o = those are either smaller than 0 to be 0 and those are bigger

than 1 to be 1, we obtain A’/. From the construction of A’} and A”, it is clear

that 0 < A/, A” < 1. Now it is time to estimate ||(A" — A”L*)(A" — A”)|| and
2

1(A” = AZ7)(AY — A”)]|.

Theorem 3. [[(A7 — A7) (AL — A”)|| < 212, [|(A” — A”?)(AY — A")|| <

6m1/351/3.

PROOF. Set
(11)
M7 = A" — A//2 _ 0 0 "o Mjr/22 0
+ + + 0 M » 422 0 M,,(QQ) ’
+22 +22

where ||M+§121)H < e'/2; and

(11) (11)
N — A" _ A" — 0 0 N/ — Al—&/-22 _A/i22 0
L WV V2N 0 0/’
+22

where ||A/J'r§21) - A’iélgl)H < 2. Hence
(A — A7) AL - A7)

:”MINZ” — HMizzNizzn _ ||Mjr/(11)(A”(u) _ A//(ll))” < 261/,

22 (Ao —22
0 0 P o
Let P} = A” — A"? = , , where P{,, = +22 22
0 Py 0 Py
Since the spectrum of A’ 2121) lies in the closed 3m!/3¢/3-ball neighborhood of

0 and 1, when ¢ is sufficiently small, we have ||P_"fé121)|| < 3m!/3¢'/3. Hence

[(A” — A”Z)(AL — A"

11 11 11
= PYN = 1Py N oy | = 1Py (A5 = AZE )| < 6ml /3172,

1
oo Ve

—22
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So far, we have got the parallel refinement (A", A_") for the weakening

idempotent pair (A4, A_).
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